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Abstra
tWe use quantum me
hani
al evaluations of the Gibbs energy of the hydrates ofsulfuri
 a
id, H2SO4 � nH2O and (H2SO4)2 � nH2O to evaluate an empiri
al surfa
etension for sulfuri
 a
id - water 
lusters 
ontaining few mole
ules. We use this surfa
etension to evaluate nu
leation rates using 
lassi
al heteromole
ular theory. At lowtemperatures (T ' 213K) the nu
leation rates obtained with the empiri
al surfa
etensions are signi�
antly greater than those using bulk values of the surfa
e tension.At higher temperatures the di�eren
e disappears.



1. Introdu
tionThe formation rate of sulfate parti
les in the atmosphere is usually evaluated us-ing the \
lassi
al" theory of homogeneous, heteromole
ular nu
leation. This theoryis based on the theory of the homogeneous nu
leation of a single substan
e (usu-ally water) as developed by Volmer and Weber (1926), Be
ker and Doring (1935),Frenkel (1946), and others. An overview of the theory was presented by M
Donald(1962,1963). The experimental veri�
ation of the theory was based on determiningthe value of the supersaturation when parti
le formation was observed to o

ur. Forpure water, the theory agrees reasonably well with experiment, and for most sub-stan
es the predi
ted values of supersaturation are typi
ally a

urate to within 10%,but for other substan
es the theoreti
al predi
tions and experimental results di�ersigni�
antly. Te
hniques that have been developed to a
tually 
ount the number ofparti
les formed in a nu
leation pro
ess indi
ate that the dependen
e of nu
leationrate on supersaturation is approximately 
orre
tly given by the 
lassi
al theory butthe temperature dependen
e is not (Oxtoby, 1992). The predi
ted nu
leation rates aretypi
ally too low at low temperatures and too high at high temperatures, disagreeingwith experimental values by several orders of magnitude.The 
lassi
al theory (as des
ribed below in Se
tion 2) depends on the 
hangein the Gibbs free energy of an embryoni
 droplet as mole
ules are added to it. TheGibbs free energy depends on the surfa
e tension, a quantity that is poorly de�nedfor 
lusters of a few mole
ules.In this paper in Se
tion 2 give a brief review of the 
lassi
al theory of hetero-mole
ular nu
leation, parti
ularly as applied to the formation of sulfate parti
les inthe atmosphere. As mentioned below, this theory severely underestimates observedenvironmental nu
leation rates.In Se
tion 3 we 
onsider the quantum me
hani
al 
al
ulations that have been
arried out by Bandy and Ianni (1998) and Ianni and Bandy (2000) whi
h allow oneto determine the free energy in
rease of a hydrate of sulfuri
 a
id as water mole
ulesare added to it.In Se
tion 4 we 
ombine the 
lassi
al theory with the quantum me
hani
alresults by introdu
ing an empiri
al surfa
e tension term su
h that the Gibbs freeenergy predi
ted by the 
lassi
al theory roughly agrees with the value obtained from



the quantum me
hani
al 
al
ulations. We then evaluate nu
leation rates for sulfateparti
les using the empiri
al (size, 
omposition and temperature dependent) surfa
etensions to determine the e�e
t on nu
leation rates. In Se
tion 5 we present our
on
lusions.

1

2

3

4

5

0

2

4

6

8

10
0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

x 10
−12

number of acid molecules

number of water molecules

D
G

 (
er

gs
) 

Fig. 1. The �G surfa
e as a fun
tion of the number of sulfuri
 a
id mole
ulesand the number of water mole
ules in the 
luster, assuming 
lassi
al theory. Theenvironmental 
onditions assumed in the 
al
ulation are a temperature of 240 K, anenvironmental pressure of 125 mb, a relative humidity of 50% and a sulfuri
 a
id
on
entration of 5 ppt. The 
riti
al size is the saddle point in this \pass" throughthe �G barrier. It is lo
ated at na = 3 and nw = 6.2. The Classi
al Theory of Homogeneous Nu
leation2.1. Nu
leation of a single substan
e from the vaporIt is 
onvenient to begin by 
onsidering the homogeneous nu
leation of a puresubstan
e. The 
lassi
al theory is based on the di�eren
e in the Gibbs energy of nfree mole
ules of the 
ondensing substan
e, and the Gibbs energy of these mole
uleswhen they are in
orporated into a droplet. When the mole
ules are in the droplet,



they are assumed to be in the liquid phase, meaning that the Gibbs energy has beenredu
ed by a quantity �nln(S) where S = P=P o is the supersaturation. Here Pis the partial pressure of the vapor and P o is the equilibrium vapor pressure of theliquid. The mole
ules that form a droplet embryo have not only undergone a phase
hange from vapor to liquid, they have also formed a sphere with a surfa
e of area ofA = 4�r2. The energy asso
iated with the 
onstru
tion of this surfa
e is �A where� is the surfa
e tension. Thus the 
hange in Gibbs energy when n mole
ules aretransformed from free vapor mole
ules to mole
ules in the liquid state in a droplet ofarea A is(2.1) �G = �nkT lnS + �A;where k is Boltzmann's 
onstant and T is the temperature. If the density of the liquidis � this expression 
an be written in terms of the radius of the droplet r as follows:(2.2) �G = �43�r3RTlnS + 4�r2�;where R is the gas 
onstant per gram of vapor.For S > 1 the fun
tion �G passes through a maximum(2.3) �G� = 16��3=3(�RT lnS)2at the \
riti
al" embryo radius r� that satis�es the Kelvin equation(2.4) r� = 2�=�RT lnS:The surfa
e energy term in equation(2.2) in
reases with r2 while the bulk energyterm grows more negative as r3. In general a plot of �G vs r shows an in
rease toa maximum �G� at r� and then a de
rease to negative values. Note that r is nota 
ontinuous variable be
ause the parti
le grows by in
orporating integral numbersof mole
ules. The fun
tional form of equation (2.2) implies that �G in
reases to apositive maximum before de
reasing to negative values but sin
e n 
an only take oninteger values (see eq.(2.1)), if the supersaturation S is large enough �G may notexhibit a maximum at all.In the 
lassi
al theory one assumes that the vapor will 
ontain 
lusters ofmole
ules (embryos) whi
h satisfy a Boltzmann relation(2.5) ng = n1e��Gf=kTwhere ng is the number of 
lusters 
ontaining g mole
ules. The \
riti
al" 
luster
ontains g� mole
ules. Note that for a 
luster with g < g� the addition of one moremole
ule implies an in
rease in �G, but for a 
luster with g > g� the addition of one



more mole
ule leads to a de
rease in �G, and the embryo grows spontaneously.The nu
leation rate 
an be determined by evaluating the number of 
riti
allysized 
lusters and the net rate at whi
h mole
ules are in
orporated into them. Oneusually de�nes a \
urrent" Jg whi
h is the net rate at whi
h g-mers are formed by(2.6) Jg = Cgng � Eg+1ng+1;where Cg is the 
ondensation rate of single mole
ules from g-mers and Eg+1 is theevaporation rate from (g+1)-mers.It 
an be shown (M
Donald, 1963, for example) that given several reasonableassumptions (in
luding the assumption of a steady state situation so that Jg is a
onstant independent of g), this 
urrent or nu
leation rate, 
an be expressed as(2.7) J = (n2=�)(2�m=�)e��G�=kT :Here n is the number density of mole
ules in the vapor, related to the pressure byp = nkT .Considering the form of �G� given by eq. (2.3), we appre
iate the importan
eof the surfa
e tension in the nu
leation rate 
al
ulation as J depends on the surfa
etension 
ubed in an exponential.2.2. Heteromole
ular Nu
leationBy heteromole
ular nu
leation we mean the nu
leation of liquid drops from avapor 
ontaining two or more substan
es. We shall limit ourselves to the 
ase ofbinary system nu
leation of solution droplets of sulfuri
 a
id and water.It is well known that solution droplets 
an form under 
onditions in whi
hneither one of the pure substan
es 
ould form. This is be
ause the vapor pressure ofa 
omponent in a binary solution is less than the vapor pressure of the pure substan
e.Heteromole
ular nu
leation (sometimes referred to as \binary nu
leation" sin
ethere are usually only two 
omponents parti
ipating in the pro
ess) was studied byDoyle (1961), Reiss (1950), Heist and Reiss (1974), Kiang and Stau�er (1973), Jae
kerVoirol and Mirabel (1989), Hamill, Kiang and Cadle (1977) and many others. Thisis a straightforward generalization of the homogeneous \monomole
ular" nu
leationtheory des
ribed above. However, it should be mentioned that the theory developedby Doyle (1961) and others su�ers from a thermodynami
 in
onsisten
y in the evalu-ation of the 
riti
al value of the Gibbs energy in
rease. This has led to a \
orre
ted"theory by Wilemski (1984) and others.



We shall 
onsider nu
leation theory as applied to the formation of a solutiondroplet with two 
omponents labelled a (a
id) and w (water). In this 
ase the Gibbsenergy 
hange is given by(2.8) �G = �nakT lnSa � nwkT lnSw + 4�r2�where Sa = Pa=P oa is the supersaturation of 
omponent a, de�ned as the partialpressure of 
omponent a in the environment divided by the equilibrium vapor pressureof 
omponent a over a 
at surfa
e having the same 
omposition as the solution, andsimilarly for Sw.The nu
leation rate is then given by(2.9) J = 4�r�2�aNwexp(��G�=kT )where Nw is the number density of w mole
ules in the environment and �a is the rateat whi
h a mole
ules impinge upon the embryoni
 droplet of radius r.In the 
ase of a binary system, the Gibbs energy is a fun
tion of na and nb and
onsequently we must 
onsider a Gibbs energy surfa
e. The 
riti
al values (r� and�G�) 
orrespond to a saddle point on this surfa
e. That is, the �G surfa
e 
an beenvisioned as a mountain range with a pass through it. The highest point in the passis the 
riti
al value. (For high enough values of supersaturation the Gibbs energysurfa
e will have no peak at all.)In �g. 1 we present the Gibbs energy surfa
e using bulk values of surfa
etension and density. This �gure illustrates the �G surfa
e for the number of a
idmole
ules ranging up to �ve and the number of water mole
ules ranging up to ten.The 
riti
al size is at about 3 a
id mole
ules and 6 water mole
ules. The 
al
ulationwas 
arried out assuming a temperature of 240 K, an environmental pressure of 125mb, a relative humidity of 50% and a sulfuri
 a
id 
on
entration of 5 ppt, or about 1.9X 107 mole
ules/
m3. This 
on
entration, while 
ommon in the lower troposphere,represents an extreme value in upper tropospheri
 
onditions (em e.g., Clarke et al.,1999). For these 
onditions the nu
leation rate predi
ted by equation (2.9) is 1013droplets/
m3� se
, whi
h is, of 
ourse, unreasonably high sin
e it predi
ts that thenumber of droplets formed per se
ond is six orders of magnitude larger than the totalnumber of available sulfuri
 a
id mole
ules.If, however, we in
lude the e�e
t of hydrates as suggested by Heist and Reiss(1974) and Jae
ker-Voirol et al. (1987) the nu
leation rate for these 
onditions drops



to 4.6 droplets/
m3� se
. The predi
ted saddle point is at 4 sulfuri
 a
id mole
ulesand 13 water mole
ules. The results of 
al
ulations su
h as this agree relatively wellwith those presented by Laaksonen and Kulmala (1991). Those investigators presenta table of results in
luding the number of water and a
id mole
ules in a 
riti
al 
lusterand in the majority of the 
ases given the values of na and nb are less than ten. (Ournu
leation rates di�er from theirs by a fa
tor of about 10 due to the fa
t that ourexpression for the prefa
tor to the exponential does not take into a

ount the e�e
tof hydrates.)It is 
lear, then that the theory of heteromole
ular nu
leation for sulfuri
 a
idwater solution droplets involves very small 
lusters of just a few mole
ules. Usingma
ros
opi
 
on
epts of density and surfa
e tension require extrapolations whi
h arevery hard to justify.A parti
ularly serious problem with the theory is that it does not predi
t theformation of new parti
les under 
onditions in whi
h new parti
le formation is ob-served to o

ur (O'Dowd, 2001, Kulmala et al., 1998). However, Clarke et al. (1999)found that parti
le formation in the upper troposphere is often in agreement withpredi
tions of 
lassi
al binary nu
leation theory if the e�e
t of hydrates is ignored.3. Quantum Me
hani
al Cal
ulationsRe
ently, Bandy and Ianni (1998) and Ianni and Bandy (2000) 
arried outdensity fun
tional theory quantum me
hani
al 
al
ulations of the hydrates of sulfuri
a
id. They evaluated the Gibbs energy in
rease in the rea
tions(3.1) H2SO4 � (n� 1)H2O +H2O! H2SO4 � nH2Oand (3.2) (H2SO4)2 � (n� 1)H2O +H2O! (H2SO4)2 � nH2OBandy and Ianni (1998) 
onsidered rea
tion (3.1) using the \Gaussian 94" pro-gram for their 
al
ulations. An interesting result of the study was the fa
t thatalthough the bulk sulfuri
 a
id - water solution is highly ionized, the 
lusters of afew mole
ules did not exhibit ionization until n = 7. The motivation for the Bandyand Ianni study was the fa
t that the hydrates of sulfuri
 a
id are thought to play animportant role in the formation of new atmospheri
 parti
les. They point out thatprevious studies have assumed that the properties of small 
lusters of sulfuri
 a
idand water 
ould be obtained by extrapolating the properties of the bulk phase. They



found that for a temperature of 298 K, rea
tion (3.1) has Gibbs energies that areslightly negative for n = 1 � 3 and slightly positive for n = 4 � 7 with a maximumat n = 5. For lower temperatures, the Gibbs energies de
rease. They 
omputedequilibrium 
onstants and found that the values estimated by Jae
ker-Voirol et al.(1987) were orders of magnitude larger than predi
ted by the density fun
tional the-ory results. Bandy and Ianni suggest that hydrates play a mu
h smaller role inhomogeneous nu
leation theory than previously believed. It has been supposed thatthe 
lustering of water mole
ules around sulfuri
 a
id mole
ules would greatly redu
ethe number of free water and sulfuri
 a
id mole
ules in the environment. Therefore,in this paper we have not in
luded hydrates as a 
onstituent of the environmentalvapor in any of our nu
leation 
al
ulations.Ianni and Bandy (2000) 
arried out a study of the hydrates of (H2SO4)2. Theyfound that all the higher hydrates of (H2SO4)2 linearly de
rease the free energyof the system. They developed a kineti
 model of the growth of the hydrates and
on
luded that although (H2SO4)2 � nH2O with n = 0 � 6 will spontaneously formfromH2SO4 �H2O it seems to be kineti
ally and thermodynami
ally prohibited. Theysuggest that perhaps a third spe
ies su
h as ammonia or the formation of an ex
itedstate is required to stabilize the system and allow for larger hydrate 
hains to grow. Inour analysis we have ignored these problems, and perhaps future quantum me
hani
alstudies may help to answer some of these questions.4. Evaluation of Empiri
al Surfa
e Tensions and Nu
leation RatesIn view of the fa
t that the surfa
e tension is the most important parameterdetermining the Gibbs energy in
rease and hen
e the nu
leation rate, we used thestudies of Bandy and Ianni to obtain empiri
al values of surfa
e tension for very smalldroplets. For reasons mentioned below, we believe that the bulk value of surfa
etension is valid to very small droplets, but fails for 
lusters 
ontaining less than aboutseven mole
ules. This would not be important if it were not for the fa
t that the
riti
al size of sulfuri
 a
id - water solution droplets is extremely small, as mentionedin Se
tion 1.The reason why we believe that the bulk surfa
e tension is an a

urate des
rip-tion of the surfa
e tension of very small droplets is based on a study 
arried out byd'Auria (2001) in whi
h the quantum me
hani
al evaluations of the Gibbs energy




hange for water mole
ules 
lustered about a hydronium ion were 
ompared withevaluations obtained from the 
lassi
al theory. Figure 2 shows this 
omparison. Notethat even for 
lusters as small as 6 or 7 mole
ules the 
lassi
al theory agrees very wellwith the quantum me
hani
al simulations. If one were to de�ne a surfa
e tensionfor the 
luster whi
h in
reases with number of mole
ules in the 
luster, and rea
hingthe bulk value for (say) 7 mole
ules, then one 
ould �t the 
lassi
al theory to thequantum me
hani
al results.
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Fig. 2. A 
omparison between the Gibbs free energy 
hange asso
iated withthe hydronium/water 
lustering rea
tion as obtained from the 
lassi
al model andthe quantum me
hani
al simulations. The solid line is for the 
lassi
al model and thesymbols are the quantum me
hani
al 
al
ulated results. (From d'Auria, 2001)This is what we have done for the binary solution, sulfuri
 a
id and water. Of
ourse the system is more 
ompli
ated, being 
omposed of two substan
es. Further-more, the quantum me
hani
al studies are limited to the two pro
esses des
ribed byequations (3.1) and (3.2).



In �g. 3 we show the quantum me
hani
ally evaluated values for �G, takenfrom Bandy and Ianni (1998) and Ianni and Bandy (2000), and the values obtainedfrom the 
lassi
al theory, eq. (2.8). The 
urves show the 
hange in Gibbs energy dueto adding a water mole
ule to H2SO4 � nH2O (left panel) and to (H2SO4)2 � nH2O(right panel). The top 
urves (with asterisks) are the quantum me
hani
al resultsand the bottom 
urves are the liquid droplet model results.
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OFig. 3. The 
hange in Gibbs energy due to adding a water mole
ule to H2SO4 �nH2O (left panel) and to (H2SO4)2 � nH2O (right panel). The top 
urves (withasterisks) are the quantum me
hani
al results and the bottom 
urves are the liquiddroplet model results.It is not entirely 
lear from the �gure at what point the two 
urves will 
ometogether, that is, we 
annot predi
t the size of a 
luster at whi
h the 
lassi
al modelagrees well with the quantum me
hani
al 
al
ulation. However, guiding our intuitionby the plot in �g. 2 we whall assume that 
lusters with about 10 water mole
ules willbe reasonably des
ribed by the 
lassi
al model.



The 
lassi
al 
urves 
an be made to approximate the quantum me
hani
al 
urvesby sele
ting appropriate 
hoi
es of surfa
e tension. In �g. 4 we present the 
urves of�g. 3 ex
ept that in evaluating the 
lassi
al Gibbs energy di�eren
e we used surfa
etension values that brought these 
urves 
loser to the quantum me
hani
al values. We
ould, of 
ourse, have �t the quantum results exa
tly, but then the surfa
e tensionwould not have been a smoothly varying fun
tion. The surfa
e tension used in �g. 4is presented as a fun
tion of 
omposition in �g. 5.
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lassi
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al
ulation have been 
hanged to get a 
loser agreement with the quantum me
hani
alresults.
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Fig. 5. The surfa
e tension that was used to generate the 
lassi
al 
urves of�g. 4, presented in terms of the number of water and sulfuri
 a
id mole
ules in theembryoni
 droplet.Table I Empiri
al Surfa
e Tension of Cluster (dynes/
m2)H2O 1 2 3 4 5 6 7 8 9 10H2SO41 0 40.0 57.0 65.0 70.0 75.0 76.2 76.1 76.0 75.92 16.0 35.0 57.0 67.0 75.0 76.0 77.0 77.0 76.0 76.13 50.0 59.6 64.8 68.5 71.0 72.7 73.9 74.7 75.2 75.54 59.6 59.6 62.3 65.8 68.5 70.5 72.1 73.1 73.9 74.55 59.6 59.6 60.7 63.8 66.4 68.5 70.1 71.4 72.5 73.3The surfa
e tensions used are presented in Table I as a fun
tion of the numberof sulfuri
 a
id mole
ules and the number of water mole
ules in the 
luster.In �g. 6 we show how the surfa
e tension of a bulk solution of sulfuri
 a
id andwater varies as a fun
tion of temperature and 
omposition. The numbers on ea
h




urve are the weight per
entage of sulfuri
 a
id in the solution.
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Fig. 6. Surfa
e tension as a fun
tion of temperature for a bulk sulfuri
 a
idwater solution. The numbers on ea
h 
urve represent the weight per
entage sulfuri
a
id. In our 
al
ulations of the nu
leation rate using the extrapolations of the surfa
etensions of Table I and �g. 5 we assumed the same temperature dependen
e as in �g.6. We �nd, as would be expe
ted, that de
reasing the surfa
e tension in
reases thenu
leation rate. In �g. 7 we illustrate the in
rease in nu
leation rates obtained byusing the empiri
al surfa
e tensions rather than the bulk values. The �gure presentsnu
leation rates as a fun
tion of sulfuri
 a
id 
on
entration using the empiri
ally ob-tained surfa
e tension and using the tension 
ompared to the bulk surfa
e tension forvarious values of the temperature. In all 
ases the water 
on
entration was assumedto be 1013 mole
ules/
m3. At the highest temperature (223.15 K), the nu
leationrates are low and the 
hange in the surfa
e tension makes essentially no di�eren
e,ex
ept for the highest sulfuri
 a
id 
on
entrations (107 mole
ules/
m3). However, for



lower temperatures the di�eren
e in nu
leation rates is quite signi�
ant. For example,at 203 K (a temperature often experien
ed near the tropi
al tropopause) and a sulfu-ri
 a
id 
on
entration of 106 sulfuri
 a
id mole
ules/
m3, the di�eren
e in nu
leationrates is about �ve orders of magnitude.
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Fig. 7. Nu
leation rate vs sulfuri
 a
id 
on
entration using the empiri
allyobtained surfa
e tension 
ompared to the bulk surfa
e tension for various valuesof the temperature. In all 
ases the water 
on
entration was assumed to be 1013mole
ules/
m3.5. Con
lusionWe have shown that quantum me
hani
al 
al
ulations allow one to de�ne anempiri
al surfa
e tension for sulfuri
 a
id water 
al
ulations. We see that these empir-i
al surfa
e tensions lead to greatly enhan
ed nu
leation rates at lower temperatures.Our analysis is based on the two studies of the sulfuri
 a
id - water system 
arriedout by Bandy and Ianni (1998) and Ianni and Bandy (2000). These studies involvedrea
tions (3.1) and (3.2) and therefore only in
lude 
lusters whose 
ompositions are



H2SO4 �nH2O and (H2SO4)2 �nH2O. Therefore, we 
annot generate empiri
al surfa
etensions for all the 
ompositions that are in
luded in the �G surfa
e illustrated in �g.1. Consequently, our results are in
omplete. For this reason we have not attemptedto re�ne our method of determining the empiri
al surfa
e tensions; su
h work will be
arried out when the quantum me
hani
al results are available.Our main 
on
lusion is, then, that 
luster surfa
e tensions 
an be de�ned and
an be used to 
al
ulated nu
leation rates. The nu
leation rates obtained are higherthan predi
ted by using the bulk values of surfa
e tension.A
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