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AbstratWe use quantum mehanial evaluations of the Gibbs energy of the hydrates ofsulfuri aid, H2SO4 � nH2O and (H2SO4)2 � nH2O to evaluate an empirial surfaetension for sulfuri aid - water lusters ontaining few moleules. We use this surfaetension to evaluate nuleation rates using lassial heteromoleular theory. At lowtemperatures (T ' 213K) the nuleation rates obtained with the empirial surfaetensions are signi�antly greater than those using bulk values of the surfae tension.At higher temperatures the di�erene disappears.



1. IntrodutionThe formation rate of sulfate partiles in the atmosphere is usually evaluated us-ing the \lassial" theory of homogeneous, heteromoleular nuleation. This theoryis based on the theory of the homogeneous nuleation of a single substane (usu-ally water) as developed by Volmer and Weber (1926), Beker and Doring (1935),Frenkel (1946), and others. An overview of the theory was presented by MDonald(1962,1963). The experimental veri�ation of the theory was based on determiningthe value of the supersaturation when partile formation was observed to our. Forpure water, the theory agrees reasonably well with experiment, and for most sub-stanes the predited values of supersaturation are typially aurate to within 10%,but for other substanes the theoretial preditions and experimental results di�ersigni�antly. Tehniques that have been developed to atually ount the number ofpartiles formed in a nuleation proess indiate that the dependene of nuleationrate on supersaturation is approximately orretly given by the lassial theory butthe temperature dependene is not (Oxtoby, 1992). The predited nuleation rates aretypially too low at low temperatures and too high at high temperatures, disagreeingwith experimental values by several orders of magnitude.The lassial theory (as desribed below in Setion 2) depends on the hangein the Gibbs free energy of an embryoni droplet as moleules are added to it. TheGibbs free energy depends on the surfae tension, a quantity that is poorly de�nedfor lusters of a few moleules.In this paper in Setion 2 give a brief review of the lassial theory of hetero-moleular nuleation, partiularly as applied to the formation of sulfate partiles inthe atmosphere. As mentioned below, this theory severely underestimates observedenvironmental nuleation rates.In Setion 3 we onsider the quantum mehanial alulations that have beenarried out by Bandy and Ianni (1998) and Ianni and Bandy (2000) whih allow oneto determine the free energy inrease of a hydrate of sulfuri aid as water moleulesare added to it.In Setion 4 we ombine the lassial theory with the quantum mehanialresults by introduing an empirial surfae tension term suh that the Gibbs freeenergy predited by the lassial theory roughly agrees with the value obtained from



the quantum mehanial alulations. We then evaluate nuleation rates for sulfatepartiles using the empirial (size, omposition and temperature dependent) surfaetensions to determine the e�et on nuleation rates. In Setion 5 we present ouronlusions.
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Fig. 1. The �G surfae as a funtion of the number of sulfuri aid moleulesand the number of water moleules in the luster, assuming lassial theory. Theenvironmental onditions assumed in the alulation are a temperature of 240 K, anenvironmental pressure of 125 mb, a relative humidity of 50% and a sulfuri aidonentration of 5 ppt. The ritial size is the saddle point in this \pass" throughthe �G barrier. It is loated at na = 3 and nw = 6.2. The Classial Theory of Homogeneous Nuleation2.1. Nuleation of a single substane from the vaporIt is onvenient to begin by onsidering the homogeneous nuleation of a puresubstane. The lassial theory is based on the di�erene in the Gibbs energy of nfree moleules of the ondensing substane, and the Gibbs energy of these moleuleswhen they are inorporated into a droplet. When the moleules are in the droplet,



they are assumed to be in the liquid phase, meaning that the Gibbs energy has beenredued by a quantity �nln(S) where S = P=P o is the supersaturation. Here Pis the partial pressure of the vapor and P o is the equilibrium vapor pressure of theliquid. The moleules that form a droplet embryo have not only undergone a phasehange from vapor to liquid, they have also formed a sphere with a surfae of area ofA = 4�r2. The energy assoiated with the onstrution of this surfae is �A where� is the surfae tension. Thus the hange in Gibbs energy when n moleules aretransformed from free vapor moleules to moleules in the liquid state in a droplet ofarea A is(2.1) �G = �nkT lnS + �A;where k is Boltzmann's onstant and T is the temperature. If the density of the liquidis � this expression an be written in terms of the radius of the droplet r as follows:(2.2) �G = �43�r3RTlnS + 4�r2�;where R is the gas onstant per gram of vapor.For S > 1 the funtion �G passes through a maximum(2.3) �G� = 16��3=3(�RT lnS)2at the \ritial" embryo radius r� that satis�es the Kelvin equation(2.4) r� = 2�=�RT lnS:The surfae energy term in equation(2.2) inreases with r2 while the bulk energyterm grows more negative as r3. In general a plot of �G vs r shows an inrease toa maximum �G� at r� and then a derease to negative values. Note that r is nota ontinuous variable beause the partile grows by inorporating integral numbersof moleules. The funtional form of equation (2.2) implies that �G inreases to apositive maximum before dereasing to negative values but sine n an only take oninteger values (see eq.(2.1)), if the supersaturation S is large enough �G may notexhibit a maximum at all.In the lassial theory one assumes that the vapor will ontain lusters ofmoleules (embryos) whih satisfy a Boltzmann relation(2.5) ng = n1e��Gf=kTwhere ng is the number of lusters ontaining g moleules. The \ritial" lusterontains g� moleules. Note that for a luster with g < g� the addition of one moremoleule implies an inrease in �G, but for a luster with g > g� the addition of one



more moleule leads to a derease in �G, and the embryo grows spontaneously.The nuleation rate an be determined by evaluating the number of ritiallysized lusters and the net rate at whih moleules are inorporated into them. Oneusually de�nes a \urrent" Jg whih is the net rate at whih g-mers are formed by(2.6) Jg = Cgng � Eg+1ng+1;where Cg is the ondensation rate of single moleules from g-mers and Eg+1 is theevaporation rate from (g+1)-mers.It an be shown (MDonald, 1963, for example) that given several reasonableassumptions (inluding the assumption of a steady state situation so that Jg is aonstant independent of g), this urrent or nuleation rate, an be expressed as(2.7) J = (n2=�)(2�m=�)e��G�=kT :Here n is the number density of moleules in the vapor, related to the pressure byp = nkT .Considering the form of �G� given by eq. (2.3), we appreiate the importaneof the surfae tension in the nuleation rate alulation as J depends on the surfaetension ubed in an exponential.2.2. Heteromoleular NuleationBy heteromoleular nuleation we mean the nuleation of liquid drops from avapor ontaining two or more substanes. We shall limit ourselves to the ase ofbinary system nuleation of solution droplets of sulfuri aid and water.It is well known that solution droplets an form under onditions in whihneither one of the pure substanes ould form. This is beause the vapor pressure ofa omponent in a binary solution is less than the vapor pressure of the pure substane.Heteromoleular nuleation (sometimes referred to as \binary nuleation" sinethere are usually only two omponents partiipating in the proess) was studied byDoyle (1961), Reiss (1950), Heist and Reiss (1974), Kiang and Stau�er (1973), JaekerVoirol and Mirabel (1989), Hamill, Kiang and Cadle (1977) and many others. Thisis a straightforward generalization of the homogeneous \monomoleular" nuleationtheory desribed above. However, it should be mentioned that the theory developedby Doyle (1961) and others su�ers from a thermodynami inonsisteny in the evalu-ation of the ritial value of the Gibbs energy inrease. This has led to a \orreted"theory by Wilemski (1984) and others.



We shall onsider nuleation theory as applied to the formation of a solutiondroplet with two omponents labelled a (aid) and w (water). In this ase the Gibbsenergy hange is given by(2.8) �G = �nakT lnSa � nwkT lnSw + 4�r2�where Sa = Pa=P oa is the supersaturation of omponent a, de�ned as the partialpressure of omponent a in the environment divided by the equilibrium vapor pressureof omponent a over a at surfae having the same omposition as the solution, andsimilarly for Sw.The nuleation rate is then given by(2.9) J = 4�r�2�aNwexp(��G�=kT )where Nw is the number density of w moleules in the environment and �a is the rateat whih a moleules impinge upon the embryoni droplet of radius r.In the ase of a binary system, the Gibbs energy is a funtion of na and nb andonsequently we must onsider a Gibbs energy surfae. The ritial values (r� and�G�) orrespond to a saddle point on this surfae. That is, the �G surfae an beenvisioned as a mountain range with a pass through it. The highest point in the passis the ritial value. (For high enough values of supersaturation the Gibbs energysurfae will have no peak at all.)In �g. 1 we present the Gibbs energy surfae using bulk values of surfaetension and density. This �gure illustrates the �G surfae for the number of aidmoleules ranging up to �ve and the number of water moleules ranging up to ten.The ritial size is at about 3 aid moleules and 6 water moleules. The alulationwas arried out assuming a temperature of 240 K, an environmental pressure of 125mb, a relative humidity of 50% and a sulfuri aid onentration of 5 ppt, or about 1.9X 107 moleules/m3. This onentration, while ommon in the lower troposphere,represents an extreme value in upper tropospheri onditions (em e.g., Clarke et al.,1999). For these onditions the nuleation rate predited by equation (2.9) is 1013droplets/m3� se, whih is, of ourse, unreasonably high sine it predits that thenumber of droplets formed per seond is six orders of magnitude larger than the totalnumber of available sulfuri aid moleules.If, however, we inlude the e�et of hydrates as suggested by Heist and Reiss(1974) and Jaeker-Voirol et al. (1987) the nuleation rate for these onditions drops



to 4.6 droplets/m3� se. The predited saddle point is at 4 sulfuri aid moleulesand 13 water moleules. The results of alulations suh as this agree relatively wellwith those presented by Laaksonen and Kulmala (1991). Those investigators presenta table of results inluding the number of water and aid moleules in a ritial lusterand in the majority of the ases given the values of na and nb are less than ten. (Ournuleation rates di�er from theirs by a fator of about 10 due to the fat that ourexpression for the prefator to the exponential does not take into aount the e�etof hydrates.)It is lear, then that the theory of heteromoleular nuleation for sulfuri aidwater solution droplets involves very small lusters of just a few moleules. Usingmarosopi onepts of density and surfae tension require extrapolations whih arevery hard to justify.A partiularly serious problem with the theory is that it does not predit theformation of new partiles under onditions in whih new partile formation is ob-served to our (O'Dowd, 2001, Kulmala et al., 1998). However, Clarke et al. (1999)found that partile formation in the upper troposphere is often in agreement withpreditions of lassial binary nuleation theory if the e�et of hydrates is ignored.3. Quantum Mehanial CalulationsReently, Bandy and Ianni (1998) and Ianni and Bandy (2000) arried outdensity funtional theory quantum mehanial alulations of the hydrates of sulfuriaid. They evaluated the Gibbs energy inrease in the reations(3.1) H2SO4 � (n� 1)H2O +H2O! H2SO4 � nH2Oand (3.2) (H2SO4)2 � (n� 1)H2O +H2O! (H2SO4)2 � nH2OBandy and Ianni (1998) onsidered reation (3.1) using the \Gaussian 94" pro-gram for their alulations. An interesting result of the study was the fat thatalthough the bulk sulfuri aid - water solution is highly ionized, the lusters of afew moleules did not exhibit ionization until n = 7. The motivation for the Bandyand Ianni study was the fat that the hydrates of sulfuri aid are thought to play animportant role in the formation of new atmospheri partiles. They point out thatprevious studies have assumed that the properties of small lusters of sulfuri aidand water ould be obtained by extrapolating the properties of the bulk phase. They



found that for a temperature of 298 K, reation (3.1) has Gibbs energies that areslightly negative for n = 1 � 3 and slightly positive for n = 4 � 7 with a maximumat n = 5. For lower temperatures, the Gibbs energies derease. They omputedequilibrium onstants and found that the values estimated by Jaeker-Voirol et al.(1987) were orders of magnitude larger than predited by the density funtional the-ory results. Bandy and Ianni suggest that hydrates play a muh smaller role inhomogeneous nuleation theory than previously believed. It has been supposed thatthe lustering of water moleules around sulfuri aid moleules would greatly reduethe number of free water and sulfuri aid moleules in the environment. Therefore,in this paper we have not inluded hydrates as a onstituent of the environmentalvapor in any of our nuleation alulations.Ianni and Bandy (2000) arried out a study of the hydrates of (H2SO4)2. Theyfound that all the higher hydrates of (H2SO4)2 linearly derease the free energyof the system. They developed a kineti model of the growth of the hydrates andonluded that although (H2SO4)2 � nH2O with n = 0 � 6 will spontaneously formfromH2SO4 �H2O it seems to be kinetially and thermodynamially prohibited. Theysuggest that perhaps a third speies suh as ammonia or the formation of an exitedstate is required to stabilize the system and allow for larger hydrate hains to grow. Inour analysis we have ignored these problems, and perhaps future quantum mehanialstudies may help to answer some of these questions.4. Evaluation of Empirial Surfae Tensions and Nuleation RatesIn view of the fat that the surfae tension is the most important parameterdetermining the Gibbs energy inrease and hene the nuleation rate, we used thestudies of Bandy and Ianni to obtain empirial values of surfae tension for very smalldroplets. For reasons mentioned below, we believe that the bulk value of surfaetension is valid to very small droplets, but fails for lusters ontaining less than aboutseven moleules. This would not be important if it were not for the fat that theritial size of sulfuri aid - water solution droplets is extremely small, as mentionedin Setion 1.The reason why we believe that the bulk surfae tension is an aurate desrip-tion of the surfae tension of very small droplets is based on a study arried out byd'Auria (2001) in whih the quantum mehanial evaluations of the Gibbs energy



hange for water moleules lustered about a hydronium ion were ompared withevaluations obtained from the lassial theory. Figure 2 shows this omparison. Notethat even for lusters as small as 6 or 7 moleules the lassial theory agrees very wellwith the quantum mehanial simulations. If one were to de�ne a surfae tensionfor the luster whih inreases with number of moleules in the luster, and reahingthe bulk value for (say) 7 moleules, then one ould �t the lassial theory to thequantum mehanial results.
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In �g. 3 we show the quantum mehanially evaluated values for �G, takenfrom Bandy and Ianni (1998) and Ianni and Bandy (2000), and the values obtainedfrom the lassial theory, eq. (2.8). The urves show the hange in Gibbs energy dueto adding a water moleule to H2SO4 � nH2O (left panel) and to (H2SO4)2 � nH2O(right panel). The top urves (with asterisks) are the quantum mehanial resultsand the bottom urves are the liquid droplet model results.
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The lassial urves an be made to approximate the quantum mehanial urvesby seleting appropriate hoies of surfae tension. In �g. 4 we present the urves of�g. 3 exept that in evaluating the lassial Gibbs energy di�erene we used surfaetension values that brought these urves loser to the quantum mehanial values. Weould, of ourse, have �t the quantum results exatly, but then the surfae tensionwould not have been a smoothly varying funtion. The surfae tension used in �g. 4is presented as a funtion of omposition in �g. 5.
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urve are the weight perentage of sulfuri aid in the solution.
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lower temperatures the di�erene in nuleation rates is quite signi�ant. For example,at 203 K (a temperature often experiened near the tropial tropopause) and a sulfu-ri aid onentration of 106 sulfuri aid moleules/m3, the di�erene in nuleationrates is about �ve orders of magnitude.
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